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Àííîòàöèÿ

�àññìàòðèâàåòñÿ çàäà÷à Êîøè äëÿ êëàññà ðàâíîìåðíî ñòðîãî ïñåâäîãè-

ïåðáîëè÷åñêèõ óðàâíåíèé ÷åòâåðòîãî ïîðÿäêà ñ ïåðåìåííûìè êîý��è-

öèåíòàìè. Â ýòîò êëàññ âõîäÿò, â ÷àñòíîñòè, óðàâíåíèÿ Âëàñîâà, �àëü-
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øåíèÿ.
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Ââåäåíèå

Â ðàáîòå ðàññìàòðèâàåòñÿ êëàññ ïñåâäîãèïåðáîëè÷åñêèõ óðàâíåíèé [1℄

÷åòâåðòîãî ïîðÿäêà 
 ïåðåìåííûìè êîý��èöèåíòàìè ñëåäóþùåãî âèäà

L(x;Dt, Dx)u ≡ (aI + L0(x;Dx))D
2
tu

+L1(x;Dx)Dtu+ L2(x;Dx)u = f(t, x),
(1.1)

ãäå

L1(x;Dx) =
∑

|α|=3

a1α(x)D
α
x , L2(x;Dx) =

∑

|α|=4

a2α(x)
α
x , (1.2)

è L0(x;Dx) =
∑

|α|=2

a0α(x)D
α
x � ýëëèïòè÷åñêèé îïåðàòîð. Ýòî óðàâíåíèå

ÿâëÿåòñÿ íå ðàçðåøåííûì îòíîñèòåëüíî ñòàðøåé ïðîèçâîäíîé. Âïåðâûå
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76 Îöåíêè ðåøåíèÿ çàäà÷è Êîøè

ñèñòåìàòè÷åñêîå èçó÷åíèå óðàâíåíèé òàêîãî òèïà ïðîâîäèëîñü â ðàáîòàõ

Ñ.Ë. Ñîáîëåâà [2℄. Ïîýòîìó â ëèòåðàòóðå óðàâíåíèÿ âèäà (1.1) ÷àñòî íà-

çûâàþòñÿ óðàâíåíèÿìè ñîáîëåâñêîãî òèïà [3, 4℄.

Këàññ óðàâíåíèé (1.1) ñîäåðæèò, â ÷àñòíîñòè, óðàâíåíèå �àëüïåðíà [5℄,

óðàâíåíèå Âëàñîâà [6, 7℄, îïèñûâàþùåå êðóòèëüíûå êîëåáàíèÿ óïðóãîãî

ñòåðæíÿ, óðàâíåíèå �ýëåÿ-Áèøîïà, âîçíèêàþùåãî â òåîðèè âîëíîâîäîâ

[8, 9℄, à òàêæå èõ ìíîãîìåðíûå àíàëîãè.

Â ðàáîòàõ [10, 16℄ áûë ðàññìîòðåí îïåðàòîð âèäà (2.2), êîý��èöèåíòû

êîòîðîãî äîñòàòî÷íî ìàëî îòëè÷àëèñü îò ïîñòîÿííûõ, ïðè ýòîì èõ ïðî-

èçâîäíûå äî òðåòüåãî ïîðÿäêà âêëþ÷èòåëüíî äîñòàòî÷íî ìàëû è èññëåäî-

âàëñÿ ñëó÷àé, êîãäà îïåðàòîð L0(Dx) èìåë ïîñòîÿííûå êîý��èöèåíòû. Â

ýòèõ ñëó÷àÿõ áûëè óñòàíîâëåíû ýíåðãåòè÷åñêèå îöåíêè. Â äàííîé ðàáîòå

ìû ðàññìîòðèì îïåðàòîð âèäà (2.2) â îáùåì ñëó÷àå è äîêàæåì àíàëî-

ãè÷íûå îöåíêè. Çàòåì ïîëó÷èì îöåíêó ðåøåíèÿ çàäà÷è Êîøè äëÿ ðàâíî-

ìåðíî ñòðîãî ïñåâäîãèïåðáîëè÷åñêèõ óðàâíåíèé âèäà (1.1) â ñîáîëåâñêîì

ïðîñòðàíñòâå ñ âåñîì.

�àáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì èññëåäîâàíèé [10, 16℄.

�2. Îñíîâíûå ðåçóëüòàòû

Íàïîìíèì îïðåäåëåíèå ïñåâäîãèïåðáîëè÷åñêèõ îïåðàòîðîâ ñ ïîñòîÿí-

íûìè êîý��èöèåíòàìè [1, ãë. 2℄

L(Dt, Dx) = L0(Dx)D
l
t +

l−1∑

k

Ll−k(Dx)D
k
t . (2.1)

Îïðåäåëåíèå 1. Äè��åðåíöèàëüíûé îïåðàòîð (2.1) íàçûâàåòñÿ ïñåâ-

äîãèïåðáîëè÷åñêèì, åñëè åãî ñèìâîë L(iη, iξ) îäíîðîäåí îòíîñèòåëüíî íåêî-
òîðîãî âåêòîðà α = (α0, α1, ..., αn), α0 > 0, 1/αj ∈ N , ò. å.

L(cα0iη, cαiξ) = cL(iη, iξ), c > 0,

L0(Dx) � êâàçèýëëèïòè÷åñêèé îïåðàòîð, ïðè ýòîì óðàâíåíèå

(iη)l +

l−1∑

k=0

(L0(iξ))
−1 Ll−k(iξ)(iη)

k = 0, ξ ∈ Rn\{0},

èìååò òîëüêî âåùåñòâåííûå êîðíè η1(ξ), η2(ξ), . . . , ηl(ξ). Åñëè êîðíè ðàç-

ëè÷íûå, òî îïåðàòîð íàçûâàåòñÿ ñòðîãî ïñåâäîãèïåðáîëè÷åñêèì.
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Íóðìàõìàòîâ Â.Ñ. 77

Äëÿ ðàññìàòðèâàåìîãî êëàññà îïåðàòîðîâ èç (1.1)

L(x;Dt, Dx) = (aI + L0(x;Dx))D
2
t + L1(x;Dx)Dt + L2(x;Dx) (2.2)

ìû áóäåì ïðåäïîëàãàòü, ÷òî äëÿ ëþáîãî x0 ∈ Rn
âûïîëíåíà îöåíêà

a1|ξ|
2 ≥ L0(x

0, iξ) ≥ a0|ξ|
2, ξ ∈ Rn, (2.3)

ãäå a1 ≥ a0 > 0 � ïîñòîÿííûå, a > 0 è îïåðàòîð

L0(x
0;Dx)D

2
t + L1(x

0;Dx)Dt + L2(x
0;Dx)

ÿâëÿåòñÿ ñòðîãî ïñåâäîãèïåðáîëè÷åñêèì, ò. å. óðàâíåíèå

L0(x
0, iξ)(iη)2 + L1(x

0, iξ)(iη) + L2(x
0, iξ) = 0, ξ ∈ Rn\ {0} , (2.4)

èìååò òîëüêî âåùåñòâåííûå è ðàçëè÷íûå êîðíè η1(x
0, ξ), η2(x

0, ξ). Ýòî ýê-
âèâàëåíòíî òîìó, ÷òî âûïîëíåíî íåðàâåíñòâî

d(x0, ξ) =
( ∑
|α|=3

a1α(x
0)(ξ)α

)2

−4
∑

|α|=2

a0α(x
0)(ξ)α

∑
|α|=4

a2α(x
0)(ξ)α > 0, ξ ∈ Rn\ {0} .

(2.5)

Îïðåäåëåíèå 2. Îïåðàòîð âèäà (2.2) íàçûâàåòñÿ ðàâíîìåðíî ñòðîãî

ïñåâäîãèïåðáîëè÷åñêèì, åñëè: à) ïðè ëþáîì x0 ∈ Rn
âûïîëíÿåòñÿ (2.5), è

á) íàéäåòñÿ êîíñòàíòà δ > 0 òàêàÿ, ÷òî ïðè ëþáîì x0 ∈ Rn
èìååò ìåñòî

íåðàâåíñòâî

|η1(x
0, ξ)− η2(x

0, ξ)| ≥ δ|ξ|, ξ ∈ Rn. (2.6)

Áóäåì ïðåäïîëàãàòü, ÷òî êîý��èöèåíòû akα (x) ∈ C6(Rn), k = 0, 1, 2 â äè�-
�åðåíöèàëüíûõ îïåðàòîðàõ (1.2) ïîñòîÿííûå âíå íåêîòîðîãî øàðà G =
{|x| ≤ r}, è ñóùåñòâóåò êîíñòàíòà a2 > 0 òàêàÿ, ÷òî èìååò ìåñòî íåðàâåí-
ñòâî ∑

|β|=4

a2β(x)ξ
β ≥ a2|ξ|

4, x, ξ ∈ Rn. (2.7)

Ïî îïðåäåëåíèþ (2.5) ìíîãî÷ëåí d(x0, ξ) ïðè ëþáûõ x0
ÿâëÿåòñÿ îäíîðîä-

íûì ïî ξ øåñòîé ñòåïåíè, ïîýòîìó ñóùåñòâóåò êîíñòàíòà p > 0 òàêàÿ, ÷òî
â ñèëó , (2.3), (2.5), (2.6), (2.7) íåçàâèñèìî îò x0

ñïðàâåäëèâà îöåêà

p|ξ|6 ≥ d(x0, ξ) ≥ 4a20δ
2|ξ|6, ξ ∈ Rn.

Â äàëüíåéøåì ñèìâîëîì W 2,4
2,γ (R

n+1), γ > 0 áóäåì îáîçíà÷àòü ñîáîëåâ-

ñêîå ïðîñòðàíñòâî ñ ýêñïîíåíöèàëüíûì âåñîì e−γt
, ò. å. �óíêöèÿ u(t, x) ∈

W 2,4
2,γ (R

n+1), åñëè �óíêöèÿ

uγ(t, x) = e−γtu(t, x) ∈ W 2,4
2 (Rn+1).
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Ïî îïðåäåëåíèþ ïîëîæèì

‖u(t, x), W 2,4
2,γ (R

n+1)‖ = ‖uγ(t, x), W
2,4
2 (Rn+1)‖.

Ñèìâîëîì ûγ(η, ξ) áóäåì îáîçíà÷àòü ïðåîáðàçîâàíèå Ôóðüå �óíêöèè

uγ(t, x) ∈ L2(R
n+1).

Îòìåòèì, ÷òî èç [1, 12℄ âûòåêàåò ýíåðãåòè÷åñêàÿ îöåíêà äëÿ ïñåâäîãè-

ïåðáîëè÷åñêîãî îïåðàòîðà âèäà (2.2) ñ ïîñòîÿííûìè êîý��èöèåíòàìè. À

èìåííî, ñïðàâåäëèâà òåîðåìà.

Òåîðåìà 1. Äëÿ ëþáîé �óíêöèè u(t, x) ∈ W 2,4
2,γ (R

n+1), γ > 0, òàêîé,
÷òî

D2
tD

β
xu(t, x) ∈ L2,γ(R

n+1), |β| = 2, (2.8)

èìååò ìåñòî îöåíêà

γ‖(|ξ|2 + a)(|η|+ γ + |ξ|)ûγ(η, ξ), L2(R
n+1)‖

≤ c‖L(Dt, Dx)u(t, x), L2,γ(R
n+1)‖

(2.9)

ñ êîíñòàíòîé c > 0, íå çàâèñÿùåé îò u(t, x).
Â ðàáîòàõ [10,16℄ àíàëîãè÷íûé ðåçóëüòàò áûë äîêàçàí äëÿ îïåðàòîðîâ

âèäà (2.2) ñ ïåðåìåííûìè êîý��èöèåíòàìè ïðè óñëîâèè, ÷òî îïåðàòîð ïðè

âòîðîé ïðîèçâîäíîé D2
t èìååò ïîñòîÿííûå êîý��èöèåíòû. Â íàñòîÿùåé

ðàáîòå ìû ñíèìàåì ýòî òðåáîâàíèå. Áóäåò äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 2. Ñóùåñòâóåò γ0 > 0 òàêîå, ÷òî äëÿ ëþáîé �óíêöèè u(t, x) ∈
W 2,4

2,γ (R
n+1), γ > γ0 òàêîé, ÷òî âûïîëíåíî (2.8), èìååò ìåñòî îöåíêà

γ‖(|ξ|2 + a) (|η|+ γ + |ξ|) ûγ(η, ξ), L2(R
n+1)‖

≤ c‖L(x;Dt, Dx)u(t, x), L2,γ(R
n+1)‖

(2.10)

ñ êîíñòàíòîé c > 0, íå çàâèñÿùåé îò u(t, x).

Îöåíêè (2.9), (2.10) ÿâëÿþòñÿ àíàëîãàìè ýíåðãåòè÷åñêèõ íåðàâåíñòâ

äëÿ ñòðîãî ãèïåðáîëè÷åñêèõ îïåðàòîðîâ [13℄, [14℄.

Îòìåòèì, ÷òî ýíåðãåòè÷åñêèå îöåíêè âèäà (2.10) ìîæíî èñïîëüçîâàòü

äëÿ èçó÷åíèÿ êîððåêòíîñòè çàäà÷è Êîøè äëÿ ñòðîãî ïñåâäîãèïåðáîëè÷å-

ñêèõ óðàâíåíèé ñ ïåðåìåííûìè êîý��èöèåíòàìè â ñëåäóþùåì âèäå





L(x;Dt, Dx)u = f(t, x), t > 0, x ∈ Rn,

u|t=0 = ϕ1(x),

Dtu|t=0 = ϕ2(x).

(2.11)
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Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò ðåøåíèå çàäà÷è Êîøè (2.11). Òîãäà èç òåî-

ðåìû 2 âûòåêàåò ñëåäóþùèå óòâåðæäåíèå.

Òåîðåìà 3. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2 è f(t, x) ∈ W 1,1
2,γ (R

n+1),
òîãäà çàäà÷à Êîøè äëÿ ðàâíîìåðíî ñòðîãî ïñåâäîãèïåðáîëè÷åñêîãî óðàâ-

íåíèÿ (2.11) íå ìîæåò èìåòü áîëåå îäíîãî ðåøåíèÿ u(t, x) ∈ W 2,4
2,γ (R

n+1),
γ > γ0, óäîâëåòâîðÿþùåãî (2.8), ïðè ýòîì èìååò ìåñòî îöåíêà

‖u(t, x),W 2,4
2,γ (R

n+1‖+
∑

|α|=2

‖D2
tD

β
xu(t, x), L2,γ(R

n+1)‖

≤ c(γ)‖f(t, x),W 1,1
2,γ (R

n+1)‖,

(2.12)

ãäå c(γ) > 0 � êîíñòàíòà, íåçàâèñÿùåé îò f(t, x).

�3. Äîêàçàòåëüñòâî òåîðåìû 2

Îòìåòèì, ÷òî ïðè ïîëó÷åíèè ýíåðãåòè÷åñêîé îöåíêè â [12℄ áûëà èñïîëü-

çîâàíà ñõåìà Ëåðå, ïðåäëîæåííàÿ äëÿ èçó÷åíèÿ çàäà÷è Êîøè äëÿ ñòðîãî

ãèïåðáîëè÷åñêèõ óðàâíåíèé [14℄. Çàòåì òàêîå ïîäõîä áûë ðàçâèò â ðàáî-

òàõ [10, 16℄ ïðè ïîëó÷åíèè ýíåðãåòè÷åñêèõ îöåíîê äëÿ îïåðàòîðîâ (1.1) ñ

ïåðåìåííûìè êîý��èöèåíòàìè, äîñòàòî÷íî ìàëî îòëè÷àþùèõñÿ îò ïîñòî-

ÿííûõ. Ñåé÷àñ ìû áóäåì ïðèìåíÿòü ýòîò ïîäõîä äëÿ ðàâíîìåðíî ñòðîãî

ïñåâäîãèïåðáîëè÷åñêîãî îïåðàòîðà ñ ïðîèçâîëüíûìè ãëàäêèìè êîý��è-

öèåíòàìè.

Áóäåì çàïèñûâàòü êîý��èöèåíòû äè��åðåíöèàëüíûõ îïåðàòîðîâ â

âèäå

akα(x) = akα + ak,0α (x), k = 0, 1, 2,

ãäå akα � 
onst, ak,0α (x) ∈ C6
0(R

n), ïðè ýòîì ak,0α (x) ≡ 0, |x| > r.

Çà�èêñèðóåì íåêîòîðîå ìàëîå ÷èñëî σ > 0. Ñòåïåíü åãî ìàëîñòè ìû

óêàæåì íèæå.

Âûáåðåì êîíå÷íîå ÷èñëî òî÷åê x1, x2, . . . , xN
èç øàðà G {x ∈ Rn, |x| ≤ r}

òàêèì îáðàçîì, ÷òîáû ñîâîêóïíîñòü îêðåñòíîñòåé

B(σ, xk) =
{
x ∈ Rn : |x− xk| < σ

}

ïîêðûâàëà øàð G, ò. å. G ⊂
N⋃
k=1

B(σ, xk), ïðè ýòîì áóäåì ñ÷èòàòü, ÷òî

xj−1 ∈ B(σ, xj), j = 1, 2, . . . , N, |x0| > r.
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80 Îöåíêè ðåøåíèÿ çàäà÷è Êîøè

Ïî òåîðåìå î ðàçáèåíèè åäèíèöû ìîæíî ïîñòðîèòü ñèñòåìó �óíêöèé ϕk(x) ∈
C∞

0 (Rn), suppϕk ⊂ B(σ, xk), 0 ≤ ϕk(x) ≤ 1, k = 1, ...N òàêóþ, ÷òî

N∑

k=1

ϕk(x) ≡ 1, x ∈ G. (3.1)

Ââåäåì �óíêöèþ

ϕ0(x) = 1−
N∑

k=1

ϕk(x), x ∈ Rn. (3.2)

Òîãäà

N∑

k=0

ϕk(x) ≡ 1, x ∈ Rn. (3.3)

Ïîñêîëüêó C∞
0 (Rn+1) âñþäó ïëîòíî â W 2,4

2,γ (R
n+1), òî äîñòàòî÷íî ïîëó-

÷èòü îöåíêó (2.10) äëÿ ëþáîé �óíêöèè u(t, x) ∈ C∞
0 (Rn+1).

Â äàëüíåéøåì äëÿ ñîêðàùåíèÿ çàïèñè àðãóìåíòû ó �óíêöèé u(t, x) è
uγ(t, x) áóäåì îïóñêàòü.

�àññìîòðèì êâàäðàòè÷íóþ �îðìó

Mu = −Im

∫

Rn+1

e−γtL(x;Dt, Dx)ue−γtL1(x;Dt, Dx)u dz, z = (t, x), (3.4)

ãäå

e−γtL1(x;Dt, Dx)u = L1(x;Dt + γ,Dx)uγ

= 2i
(
aI + L0(x;Dx)

)
(Dt + γ)uγ + iL1(x;Dx)uγ.

Â ñèëó îïðåäåëåíèÿ îïåðàòîðîâ èç (1.2) äëÿ ñîïðÿæåííûõ îïåðàòîðîâ

L1∗(x;Dt + γ,Dx), L
∗(x;Dt + γ,Dx), èìååì

L1∗(x;Dt + γ,Dx)uγ = 2i(Dt − γ)(aI + L∗
0(x;Dx))uγ + iL∗

1(x;Dx)uγ,

L∗(x;Dt + γ,Dx)uγ

= (Dt − γ)2(aI + L∗
0(x;Dx))uγ − (Dt − γ)L∗

1(x;Dx)uγ + L∗
2(x;Dx)uγ.

Äëÿ ëþáîé �óíêöèè u(t, x) ∈ C∞
0 (Rn+1), î÷åâèäíî, èìååì

Mu =

∫

Rn+1

−1

2i

(
L1∗(x;Dt + γ,Dx)L(x;Dt + γ,Dx)

−L∗(x;Dt + γ,Dx)L
1(x;Dt + γ,Dx)

)
uγuγ dz.
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Îáîçíà÷èì ïîäûíòåãðàëüíûé îïåðàòîð ÷åðåç P(x,Dt, Dx, γ) :

P(x;Dt, Dx, γ) =
−1

2i

(
L1∗(x;Dt + γ,Dx)L(x;Dt + γ,Dx)

−L∗(x;Dt + γ,Dx)L
1(x;Dt + γ,Dx)

)
.

(3.5)

Îïåðàòîð P(x;Dt, Dx, γ) ïðåäñòàâëÿåòñÿ â âèäå

P(x;Dt, Dx, γ) = γP (x;Dt, Dx, γ) + p(x;Dt, Dx, γ), (3.6)

ãäå îïåðàòîðû

P (x;Dt, Dx, γ)uγ

=

[
− 2(D2

t − γ2I)(aI + L∗
0(x;Dx)) ◦ (aI + L0(x;Dx))

+
(
(aI + L∗

0(x;Dx)) ◦ L2(x;Dx) + L∗
2(x;Dx) ◦ (aI + L0(x;Dx))

)

+Dt

(
L∗
1(x;Dx) ◦ (aI + L0(x;Dx))− (aI + L∗

0(x;Dx)) ◦ L1(x;Dx)
)

+L∗
1(x;Dx) ◦ L1(x;Dx)

]
uγ,

(3.7)

p(x;Dt, Dx, γ)uγ =
1

2

(
L∗
1(x;Dx) ◦ L2(x;Dx) + L∗

2(x,Dx) ◦ L1(x;Dx)
)
uγ

+
1

2

(
D2

t + γ2I
)[
L∗
1(x;Dx) ◦ (aI +L0(x;Dx)) + (aI +L∗

0(x;Dx)) ◦L1(x;Dx)

]
uγ

−Dt

(
(aI + L∗

0(x;Dx)) ◦ L2(x;Dx)− L∗
2(x;Dx) ◦ (aI + L0(x;Dx))

)
uγ

−(D2
t −γ2I)

(
((aI+L∗

0(x;Dx))◦L1(x;Dx)+L∗
1(x;Dx)◦ (aI+L0(x;Dx)))

)
uγ.

Ïî îïðåäåëåíèþ äè��åðåíöèàëüíûõ îïåðàòîðîâ èç (1.2) è òåîðåìå î êîì-

ìóòàòîðå [15℄ ëåãêî âèäåòü, ÷òî îïåðàòîðû P (x;Dt, Dx, γ) è p(x;Dt, Dx, γ)
èìåþò 6-îé ïîðÿäîê. Òîãäà ó÷èòûâàÿ ãëàäêîñòü êîý��èöèåíòîâ, îïåðàòîð

p(x;Dt, Dx, γ) ïðåäñòàâëÿåòñÿ â âèäå

p(x;Dt, Dx, γ)uγ = D2
t

∑

|β|≤4

b0β(x)D
β
xuγ + γ2

∑

|β|≤4

b1β(x)D
β
xuγ

+Dt

∑

|β|≤5

b2β(x)D
β
xuγ +

∑

|β|≤6

b3β(x)D
β
xuγ,

(3.8)

ãäå ãëàäêèå �óíêöèè bjβ(x), j = 0, 1, 2, 3, ïîñòîÿííûå ïðè |x| ≥ r + 1.
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82 Îöåíêè ðåøåíèÿ çàäà÷è Êîøè

Â ðàáîòàõ [10,16℄ äëÿ ñèìâîëà P (x0, iη, iξ, γ) îïåðàòîðà P (x0;Dt, Dx, γ)
ïðè x0 ∈ Rn

, ïîëó÷åíà ñëåäóþùàÿ îöåíêà

P (x0, η, ξ, γ) ≥ ρ(δ)(a+ |ξ|2)2(η + γ + |ξ|)2, (3.9)

ãäå ρ(δ) > 0 � êîíñòàíòà, íå çàâèñÿùàÿ îò γ è x0
.

Ó÷èòûâàÿ (3.6) è (3.7), ïåðåïèøåì �îðìó (3.4) â âèäå

Mu

= γ

[
2

∫

Rn+1

(Dt + γI)(aI + L0(x;Dx))uγ(Dt + γI)(aI + L0(x;Dx))uγ dz

+

∫

Rn+1

L2(x;Dx)uγ(aI + L0(x;Dx))uγ dz

+

∫

Rn+1

(aI + L0(x;Dx))uγL2(x;Dx)uγ dz

+

∫

Rn+1

Dt(aI + L0(x;Dx))uγL1(x;Dx)uγ dz

+

∫

Rn+1

L1(x;Dx)uγDt(aI + L0(x;Dx))uγ dz

+

∫

Rn+1

L1(x;Dx)uγL1(x;Dx)uγ dz

]
+

∫

Rn+1

p(x;Dt, Dx, γ)uγuγ dz.

Èñïîëüçóÿ (3.1)�(3.3), ìîæíî ïðåäñòàâèòü âñå îïåðàòîðû â âèäå

Lm(x;Dx)uγ =

N∑

k=0

Lm(x, x
k;Dx)(ϕk(x)uγ)

+
N∑

k=0

Lm(x
k;Dx)(ϕk(x)uγ),

(3.10)

ãäå

Lm(x, x
k;Dx)uγ =

∑

|α|=2+m

(
amα (x)− amα (x

k)
)
Dα

x (ϕk(x)uγ),

Lm(x
k;Dx)uγ =

∑

|α|=2+m

amα (x
k)Dα

x (ϕk(x)uγ), m = 0, 1, 2.
(3.11)
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Íóðìàõìàòîâ Â.Ñ. 83

Îòñþäà è èç (3.1)�(3.3), (3.10)�(3.11) âûðàæåíèå äëÿ Mu, ïåðåïèøåì
â âèäå

Mu = γ

[
P0u+ P1u+ P2u+ P3u

]
+ P4u, (3.12)

ãäå

P0u =
N∑

k,j=0

2

∫

Rn+1

(Dt + γI)(aI + L0(x
k;Dx))(ϕkuγ)

×(Dt + γI)(aI + L0(xj ;Dx))(ϕjuγ) dz

+

∫

Rn+1

(aI + L0(x
k;Dx))(ϕkuγ)L2(xj ;Dx)(ϕjuγ) dz

+

∫

Rn+1

L2(x
k;Dx)(ϕkuγ)(aI + L0(xj ;Dx))(ϕjuγ) dz

+

∫

Rn+1

Dt(aI + L0(x
k;Dx))(ϕkuγ)L1(xj ;Dx)(ϕjuγ) dz

+

∫

Rn+1

L1(x
k;Dx)(ϕkuγ)Dt(aI + L0(xj ;Dx))(ϕjuγ) dz

+

∫

Rn+1

L1(x
k;Dx)(ϕkuγ)L1(xj;Dx)(ϕjuγ) dz,

P1u =
N∑

k,j=0

2

∫

Rn+1

(Dt + γI)L0(x, x
k;Dx)(ϕkuγ)

×(Dt + γI)(aI + L0(xj ;Dx))(ϕjuγ) dz

+

∫

Rn+1

L0(x, x
k;Dx)(ϕkuγ)L2(xj ;Dx)(ϕjuγ) dz

+

∫

Rn+1

L2(x, x
k;Dx)(ϕkuγ)(aI + L0(xj ;Dx))(ϕjuγ) dz

+

∫

Rn+1

DtL0(x, x
k;Dx))(ϕkuγ)L1(xj ;Dx)(ϕjuγ) dz

+

∫

Rn+1

L1(x, x
k;Dx)(ϕkuγ)Dt(aI + L0(xj ;Dx))(ϕjuγ) dz

+

∫

Rn+1

L1(x, x
k;Dx)(ϕkuγ)L1(xj ;Dx)(ϕjuγ) dz,
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84 Îöåíêè ðåøåíèÿ çàäà÷è Êîøè

P2u =

N∑

k,j=1

2

∫

Rn+1

(Dt + γI)(aI + L0(x
k;Dx))(ϕkuγ)

×(Dt + γI)L0(x, xj ;Dx)(ϕjuγ) dz

+

∫

Rn+1

(aI + L0(x
k;Dx))(ϕkuγ)L2(x, xj ;Dx)(ϕjuγ) dz

+

∫

Rn+1

L2(x
k;Dx)(ϕkuγ)L0(x, xj ;Dx)(ϕjuγ) dz

+

∫

Rn+1

Dt(aI + L0(x
k;Dx))(ϕkuγ)L1(x, xj ;Dx)(ϕjuγ) dz

+

∫

Rn+1

L1(x
k;Dx)(ϕkuγ)DtL0(x, xj ;Dx)(ϕjuγ) dz

+

∫

Rn+1

L1(x
k;Dx)(ϕkuγ)L1(x, xj ;Dx)(ϕjuγ) dz,

P3u =
N∑

k,j=1

2

∫

Rn+1

(Dt + γI)L0(x, x
k;Dx))(ϕkuγ)

×(Dt + γI)L0(x, xj ;Dx)(ϕjuγ) dz

+

∫

Rn+1

L0(x, x
k;Dx)(ϕkuγ)L2(x, xj ;Dx)(ϕjuγ) dz

+

∫

Rn+1

L2(x, x
k;Dx)(ϕkuγ)L0(x, xj ;Dx)(ϕjuγ) dz

+

∫

Rn+1

Dt(aI + L0(x, x
k;Dx))(ϕkuγ)L1(x, xj ;Dx)(ϕjuγ) dz

+

∫

Rn+1

L1(x, x
j ;Dx)(ϕkuγ)Dt(aI + L0(x, xj ;Dx))(ϕjuγ) dz

+

∫

Rn+1

L1(x, x
k;Dx)(ϕkuγ)L1(x, xj ;Dx)(ϕjuγ) dz,

P4u =

∫

Rn+1

p(x;Dt, Dx, γ)uγuγ dz.

Òåïåðü îöåíèì êàæäîå ñëàãàåìîå â (3.12). Êîý��èöèåíòû äè��åðåíöè-

àëüíûõ îïåðàòîðîâ â �îðìå P0u ïîñòîÿííûå, ïîýòîìó ïðèìåíÿÿ òåîðåìó
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Ïëàíøåðåëÿ, ýòó �îðìó ìîæíî çàïèñàòü â âèäå

P0u =

N∑

k,j=1

∫

Rn+1

[
2(η2 + γ2)(a− L0(x

k, ξ))(a− L0(x
j , ξ))

+(a− L0(x
k, ξ))L2(x

j , ξ) + L2(x
k, ξ)(a− L0(x

j , ξ))

−η(a− L0(x
k, ξ))L1(x

j ; ξ)− L1(x
k; ξ)η(a− L0(x

j ; ξ))

+L1(x
k; ξ)L1(x

j ; ξ)

]
F [ϕkuγ](η, ξ)F [ϕjuγ](η, ξ) dζ, ζ = (η, ξ).

Îáîçíà÷èì ÷åðåç P0(x
k, xj, η, ξ, γ) � âûðàæåíèå â êâàäðàòíûõ ñêîáêàõ.

Ïðåäñòàâèì ñèìâîë P0(x
k, xj, η, ξ, γ) â âèäå ñóììû ñèìâîëà P (xk, η, ξ, γ)

îïåðàòîðà P (xk;Dt, Dx, γ) â �èêñèðîâàííîé òî÷êå x
k
è íåêîòîðûõ ïîëèíî-

ìîâ P0,1(x
k, xj , η, ξ, γ), à èìåííî

P0(x
k, xj, η, ξ, γ) = P (xk, η, ξ, γ) + P0,1(x

k, xj, η, ξ, γ),

ãäå

P0,1(x
k, xj, η, ξ, γ) = 2(η2 + γ2)

(
a− L0(x

k, ξ)
)
(L0(x

k, ξ)− L0(x
j , ξ))

−
(
a− L0(x

k, ξ)
)(
L2(x

k, ξ)− L2(x
j , ξ)

)

+
(
L2(x

k, ξ)− ηL1(x
k; ξ)

)(
L0(x

k, ξ)− L0(x
j, ξ)

)

+
(
η
(
a− L0(x

k, ξ)
)
+ L1(x

k; ξ)
)(
L1(x

k, ξ)− L1(x
j , ξ)

)
.

Òîãäà èìååì

P0u = Pu+ P0,1u, (3.13)

ãäå

Pu =
N∑

k,j=1

∫

Rn+1

P (xk, η, ξ, γ)F [ϕkuγ](η, ξ)F [ϕjuγ](η, ξ)dζ,

P0,1u =

N∑

k,j=1

∫

Rn+1

P0,1(x
k, η, ξ, γ)F [ϕkuγ](η, ξ)F [ϕjuγ](η, ξ)dζ.

Èç îöåíêè (3.9), ñëåäóåò

|Pu| ≥ ρ(δ)

∫

Rn+1

(a+ |ξ|2)2(η + γ + |ξ|)2|ûγ(η, ξ)|
2 dζ. (3.14)

Òåïåðü îöåíèì P0,1u. Íàïîìíèì, ÷òî xj−1 ∈ B(σ, xj) è |x0| > r. Ïåðåïèøåì

ISSN 1560-750X (Print) ISSN 3033-8271 (Online)

Ìàòåìàòè÷åñêèå òðóäû, 2026, Òîì 29, � 2, C. 74-92

Mat. Trudy, 2026, V. 29, N. 2, P. 74-92



86 Îöåíêè ðåøåíèÿ çàäà÷è Êîøè

òåïåðü ñèìâîë P0,1(x
k, xj , η, ξ, γ) ñëåäóþùèì îáðàçîì

P0,1(x
k, xj , η, ξ, γ) =

(
2(η2 + γ2)

(
a− L0(x

k, ξ)
)
+ L2(x

k, ξ)− ηL1(x
k; ξ)

)

×
∑

|α|=2

k∑

j=1

(
a0α(x

j)− a0α(x
j−1)

)
ξα

−
(
a− L0(x

k, ξ)
) ∑

|α|=4

k∑

j=1

(
a2α(x

j)− a2α(x
j−1)

)
ξα

+
(
η
(
a− L0(x

k, ξ)
)
+ L1(x

k; ξ)
) ∑

|α|=3

k∑

j=1

(
a1α(x

j)− a1α(x
j−1)

)
ξα.

Ó÷èòûâàÿ ãëàäêîñòü êîý��èöèåíòîâ è óñëîâèå (2.3), áóäåì òåïåðü ïðåä-

ïîëàãàòü, ÷òî ÷èñëî σ > 0 íàìè âûáèðàåòñÿ òàêèì îáðàçîì, ÷òî

∑

|α|=2+m

N∑

j=1

∣∣amα (xj)− amα (x
j−1)

∣∣ < a0ρ(δ)

q
, q ≥ 1, (3.15)

m = 0, 1, 2, ïðè |xj − xj−1| < σ, ãäå ρ(δ) îïðåäåëåííî â (3.9). Äîïîëíèòåëü-
íîå óñëîâèå íà q ≥ 1 áóäåò óêàçàíî íèæå. Òîãäà â ñèëó óñëîâèÿ (3.15) äëÿ
ìîäóëÿ �îðìû P0,1u, èìååì

|P0,1u| ≤
c1a0ρ(δ)

q

∫

Rn+1

(
a + |ξ|2

)2(
|η|+ γ + |ξ|

)2
|û(η, ξ)|2 dζ, (3.16)

ãäå c1 > 0 � êîíñòàíòà, íåçàâèñÿùàÿ îò γ.
Òåïåðü ó÷èòûâàÿ �èíèòíîñòü �óíêöèè ϕk(x), áóäåì îöåíèâàòü ìîäóëü

�îðìû P1u:

|P1u| ≤
N∑

j=0

∫

R

N∑

k=1

∫

B(σ,xk)

(
2|(Dt + γI)|

∑

|α|=2

|a0α(x)− a0α(x
k)||Dα

x(ϕkuγ)|

×|(Dt + γI)(aI + L0(xj ;Dx))(ϕjuγ)|

+
∑

|α|=2

|a0α(x)− a0α(x
k)||Dα

x (ϕkuγ)||L2(xj ;Dx)(ϕjuγ)|

+
∑

|α|=4

|a2α(x)− a2α(x
k)||Dα

x (ϕkuγ)||(aI + L0(xj ;Dx))(ϕjuγ)|

+
∑

|α|=2

|a0α(x)− a0α(x
k)||DtD

α
x (ϕkuγ)||L1(xj ;Dx)(ϕjuγ)|
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+
∑

|α|=3

|a1α(x)− a1α(x
k)||Dα

x(ϕkuγ)||Dt(aI + L0(xj ;Dx))(ϕjuγ)|

+
∑

|α|=3

|a1α(x)− a1α(x
k)||Dα

x(ϕkuγ)||L1(xj ;Dx)(ϕjuγ)|

)
dz.

Ó÷èòûâàÿ óñëîâèå (3.15), è ïðèìåíÿÿ òåîðåìó Ïëàíøåðåëÿ, èìååì

|P1u| ≤
a0ρ(δ)

q

N∑

k,j=0

∫

Rn+1

(
2|(iη + γ)|

∑

|α|=2

|ξα||(iη + γ)(a+ L0(xj ; ξ))|

+
∑

|α|=2

|ξα||L2(xj ; ξ)|+
∑

|α|=4

|ξα||(a+ L0(xj ; ξ))|+
∑

|α|=2

|ηξα|||L1(xj ; ξ)|

+
∑

|α|=3

|ξα||η(a+ L0(xj ; ξ))|+
∑

|α|=3

|ξα||L1(xj ; ξ)|

)
|F (ϕkuγ)F (ϕjuγ)| dζ.

Â ñèëó ñâîéñòâà ïðåîáðàçîâàíèÿ Ôóðüå èìååì

|P1u| ≤
c2a0ρ(δ)

q

∫

Rn+1

(
(η2 + γ2)|ξ|2(a+ a1|ξ)|

2)

+|ξ|4(a + a1|ξ|
2) + |η||ξ|5 + |η||ξ|3(a+ a1|ξ|

2) + |ξ|6
)
|ûγ(η, ξ)|

2 dζ,

ãäå êîíñòàíòà c2 > 0 � íå çàâèñèò îò γ. Îòñþäà

|P1u| ≤
c3a0ρ(δ)

q

∫

Rn+1

(|η|+ γ + |ξ|)2(a+ |ξ)|2)2|ûγ(η, ξ)|
2 dζ, (3.17)

ãäå êîíñòàíòà c3 íå çàâèñèò îò γ.
Àíàëîãè÷íî ïîëó÷èì îöåíêè äëÿ �îðì P2u, P3u,

|P2u| ≤
c4a0ρ(δ)

q

∫

Rn+1

(|η|+ γ + |ξ|)2(a+ |ξ)|2)2|ûγ(η, ξ)|
2 dζ, (3.18)

|P3u| ≤
c5a0ρ(δ)

q

∫

Rn+1

(|η|+ γ + |ξ|)2(a+ |ξ)|2)2|ûγ(η, ξ)|
2 dζ, (3.19)

ãäå êîíñòàíòû c4, c5 íå çàâèñÿò îò γ.
Ó÷èòûâàÿ ïðåäñòàâëåíèÿ (3.8), ïîëó÷èì

|P4u| ≤ c6

∫

Rn+1

(|η|+ γ + |ξ|)2(a + |ξ)|2)2|ûγ(η, ξ)|
2 dζ, (3.20)
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ãäå êîíñòàíòà c6 íå çàâèñèò îò γ.
Îöåíèì òåïåðü �îðìó Mu. Â ñèëó (3.12) è (3.13) èìååì

|Mu| ≥ γ||Pu| − |P0,1u| − |P1u| − |P2u| − |P3u| −
1

γ
|P4||.

Â ñèëó ïîëó÷åííûõ îöåíîê (3.14), (3.16), (3.17)�(3.20) ñëåäóåò

|Mu| ≥ γ

(
ρ(δ)−

a0ρ(δ)

q
(c1 + c3 + c4 + c5)−

c6
γ

)

×

∫

Rn+1

(|η|+ γ + |ξ|)2(a + |ξ)|2)2|ûγ(η, ξ)|
2 dζ.

Îïðåäåëèì ÷èñëî γ0 =
4c6
ρ(δ)

, è äëÿ êîíñòàíòû q èç (3.15) áóäåì ñ÷èòàòü,

÷òî q ≥ 4a0(c1 + c3 + c4 + c5). Òîãäà ïðè γ > γ0 èìååò ìåñòî îöåíêà

Mu ≥ γ
ρ(δ)

2
‖(a+ |ξ|2)(|η|+ γ + |ξ|)ûγ(η, ξ), L2(R

n+1)‖2.

Îòñþäà â ñèëó îïðåäåëåíèÿ Mu ïî íåðàâåíñòâó �¼ëüäåðà, ïîëó÷èì ýíåð-

ãåòè÷åñêóþ îöåíêó (2.10).

Òåîðåìà 2 äîêàçàíà.

�4. Äîêàçàòåëüñòâî òåîðåìû 3

Î÷åâèäíî, ÷òî ïðè ïîäñòàíîâêå Dtu âìåñòî u â �îðìå (3.4), è ó÷èòûâàÿ
îöåíêó (2.10), ïîëó÷èì ñëåäóþùóþ îöåíêó

γ‖(|η|+ γ)(|ξ|2 + a) (|η|+ γ + |ξ|) ûγ(η, ξ), L2(R
n+1)‖

≤ c1
(
‖Dtf(t, x), L2,γ(R

n+1)‖
)
,

(4.1)

ãäå c1 > 0 - êîíñòàíòà, íå çàâèñÿùàÿ îò f(t, x) è γ. Äëÿ ïîëó÷åíèÿ îöåíêè:

γ‖|ξ|(|ξ|2 + a) (|η|+ γ + |ξ|) ûγ(η, ξ), L2(R
n+1)‖

≤ c2
(
‖ ▽x f(t, x), L2,γ(R

n+1)‖
)
,

(4.2)

ñ êîíñòàíòîé c2 > 0, íå çàâèñÿùåé îò f(t, x) è γ, âìåñòî �îðìû (3.4) ðàñ-

ñìîòðèì

M1u = Im

∫

Rn+1

e−γt∆L(x;Dt, Dx)u(t, x)e−γtL1(x;Dt, Dx)u(t, x) dz.
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Çàòåì, ïîâòîðÿÿ ïðåäûäóùèå ðàññóæäåíèÿ ïîëó÷èì (4.2). Èç îöåíîê (4.1)

è (4.2) âûòåêàåò (2.12).

Çàìå÷àíèå. Àíàëîãè÷íîì îáðàçîì ìîæíî ïîëó÷èòü îöåíêó ïðîèçâîä-

íûõ áîëåå âûñîêîãî ïîðÿäêà.

Àâòîð âûðàçèò áëàãîäàðíîñòü ïðî�åññîðó �. Â. Äåìèäåíêî çà ïîñòà-

íîâêó çàäà÷è, îáñóæäåíèÿ è ñîâåòû.

Ñïèñîê ëèòåðàòóðû

1. Äåìèäåíêî �. Â., Óñïåíñêèé Ñ. Â. Óðàâíåíèÿ è ñèñòåìû, íå ðàçðåøåí-

íûå îòíîñèòåëüíî ñòàðøåé ïðîèçâîäíîé. Íîâîñèáèðñê: Íàó÷íàÿ êíèãà,

1998.

2. Ñîáîëåâ Ñ. Ë. Èçáðàííûå òðóäû. Òîì. 1. Óðàâíåíèÿ ìàòåìàòè÷å-

ñêîé �èçèêè. Âû÷èñëèòåëüíàÿ ìàòåìàòèêà è êóáàòóðíûå �îðìóëû (ðåä.

�. Â. Äåìèäåíêî, Â. Ë. Âàñêåâè÷.). Íîâîñèáèðñê: Èçä - âî èí - òà ìàòå-

ìàòèêè, �èëèàë "�åî"èçä-âà ÑÎ �ÀÍ, 2003.

3. Sviridyuk G. A., Fedorov V. E. Linear Sobolev type equations and

degenerate semigroups of operators. Utre
ht, Boston, Koln: VSP, 2003.

4. Ñâåøíèêîâ À. �., Àëüøèí À. Á., Êîðïóñîâ Ì. Î., Ïëåòíåð Þ. Ä.

Ëèíåéíûå è íåëèíåéíûå óðàâíåíèÿ ñîáîëåâñêîãî òèïà. Ì.: Ôèçìàòëèò,

2007.

5. �àëüïåðí Ñ. À. Çàäà÷à Êîøè äëÿ îáùèõ ñèñòåì ëèíåéíûõ óðàâíå-

íèé ñ ÷àñòíûìè ïðîèçâîäíûìè (àâòîðå�åðàò äîêòîðñêîé äèññåðòàöèè)

//Óñïåõè ìàò. íàóê. 1963. Ò. 18, � 2. Ñ. 239 - 249.

6. Âëàñîâ Â. Ç. Òîíêîñòåííûå óïðóãèå ñòåðæíè. Ìîñêâà - Ëåíèíãðàä:

Ñòðîéèçäàò, 1940.

7. �åðàñèìîâ Ñ. È., Åðî�ååâ Â. È. Çàäà÷è âîëíîâîé äèíàìèêè ýëåìåí-

òîâ êîíñòðóêöèé. Ñàðîâ: Ô�ÓÏ �ÔßÙ-ÂÍÈÈÝÔ, 2014.

8. Bishop R. E. D. Longitudional waves in beams //Aeronauti
al Quarterly.

1952. V. 3, N. 4. P. 280�293.

9. Rao J. S. Advan
ed Theory of Vibration. New York, John Wiley and Sons,

1992.

ISSN 1560-750X (Print) ISSN 3033-8271 (Online)

Ìàòåìàòè÷åñêèå òðóäû, 2026, Òîì 29, � 2, C. 74-92

Mat. Trudy, 2026, V. 29, N. 2, P. 74-92



90 Îöåíêè ðåøåíèÿ çàäà÷è Êîøè

10. Äåìèäåíêî �. Â. Ýíåðãåòè÷åñêèå îöåíêè äëÿ îäíîãî êëàññà ïñåâäî-

ãèïåðáîëè÷åñêèõ îïåðàòîðîâ ñ ïåðåìåííûìè êîý��èöèåíòàìè // Æ.

âû÷èñë. ìàòåì. è ìàòåì. �èç. 2024. Ò. 64. � 8. Ñ. 1466�1475.

11. Fedotov I., Shatalov M., Marais J. Hyperboli
 and pseudo-hyperboli


equations in the theory of vibrations // A
ta Me
hani
a. 2016. V. 227, N, 11.

P. 3315 - 3324.

12. Äåìèäåíêî �. Â. Óñëîâèÿ ðàçðåøèìîñòè çàäà÷è Êîøè äëÿ ïñåâäîãè-

ïåðáîëè÷åñêèõ óðàâíåíèé // Ñèá. ìàò. æóðí. 2015. Ò. 56. � 6. Ñ. 1289

- 1303.

13. Ïåòðîâñêèé È. �. Èçáðàííûå òðóäû. Ñèñòåìû óðàâíåíèé ñ ÷àñòíûìè

ïðîèçâîäíûìè. Àëãåáðàè÷åñêàÿ ãåîìåòðèÿ. Ì: Íàóêà, 1986.

14. Ëåðå Æ. �èïåðáîëè÷åñêèå äè��åðåíöèàëüíûå óðàâíåíèÿ. Ì: Íàóêà,

1984.

15. Õ¼ðìàíäåð Ë. Àíàëèç ëèíåéíûõ äè��åðåíöèàëüíûõ îïåðàòîðîâ ñ

÷àñòíûì ïðîèçâîäíûìè. Ò. III. Ì: Ìèð, 1987.

16. Äåìèäåíêî �. Â., Íóðìàõìàòîâ Â. Ñ. Ýíåðãåòè÷åñêèå îöåíêè äëÿ

îäíîãî ðàâíîìåðíî ñòðîãî ïñåâäîãèïåðáîëè÷åñêîãî îïåðàòîðà // ×åëÿá.

�èç-ìàò. æóðí. 2025. Ò. 10. � 4. Ñ. 649 - 663.

Referen
es

1. Demidenko G. V., Uspenskii S. V. Partial Di�erential Equations and

Systems not Solvable With Respe
t to the Highest - Order Derivative. New

York: Mar
el Dekker In
, 2003 [in English℄.

2. Sobolev S. L.Sele
ted works, vol. 1: Equations of mathemati
al

physi
s, 
omputational mathemati
s, and 
ubature formulas ( eds.

G. V. Demidenko, V. L. Vaskevi
h). New York: Springer, 2006.

3. Sviridyuk G. A., Fedorov V. E. Linear Sobolev type equations and

degenerate semigroups of operators. Utre
ht, Boston, Koln: VSP, 2003.

4. Sveshnikov A. G., Al'shin A. B., Korpusov M. O., Pletner Yu. D. Linear

and nonlinear equations of Sobolev type. Mos
ow: Fizmatlit, 2007 (In

Russ.).

5. Galpern S. A. The Cau
hy problem for the general systems of linear

partial di�erential equations. Uspekhi Mat. Nauk // 1963. V. 18, N, 2. P.

239 - 249 (in Russian).

ISSN 1560-750X (Print) ISSN 3033-8271 (Online)

Ìàòåìàòè÷åñêèå òðóäû, 2026, Òîì 29, � 2, C. 74-92

Mat. Trudy, 2026, V. 29, N. 2, P. 74-92



Íóðìàõìàòîâ Â.Ñ. 91

6. Vlasov V. Z. Thin - Walled Elasti
 Beams. Washington, D. C : National

S
ien
e Foundation, 1961.

7. Gerasimov S. I., Erofeev V. I. Problems of Wave Dynami
s of Stru
tural

Elements. Sarov: RFNC - VNIIEF, 2014.

8. Bishop R. E. D. Longitudional waves in beams // Aeronauti
al Quarterly.

1952. V. 3, N, 4. P. 280 - 293.

9. Rao J. S. Advan
ed Theory of Vibration. New York: John Wiley and

Sons, 1992.

10. Demidenko G. V. Energy estimates for one 
lass of pseudohyperboli


operators with variable 
oe�
ients // Comput. Math. Math. Phys. 2024.

V. 64, N, 8. P. 1755 - 1764.

11. Fedotov I., Shatalov M., Marais J. Hyperboli
 and pseudo-hyperboli


equations in the theory of vibrations // A
ta Me
hani
a. 2016. V. 227,

N, 11. P. 3315 - 3324.

12. Demidenko G. V. Solvability 
onditions of the Cau
hy problem for a

pseudohyperboli
 equations // Sib. Math. J., 2015. V. 56, N, 6. P. 1028 -

1041.

13. Petrovskiy I. G. Sele
ted works. Systems of partial di�erential equations.

Algebrai
 geometry. Mos
ow: Nauka, 1986 (In Russian).

14. Leray J. Hyperboli
 Di�erential Equations. Prin
eton: Institute for

Advan
ed Study, 1953.

15. H�ormander L.The Analysis of Linear Partial Di�erential Operators. Vol.

III. Berlin et
.: Springer - Verlag, 1985.

16. Demidenko G. V., Nurmakhmatov V. S. Energy estimates for an

uniformly stri
tly pseudohyperboli
 operator // Chelyabinsk Physi
al and

Mathemati
al Journal 2025. V. 10, N, 4. P. 649 - 663.

Èí�îðìàöèÿ îá àâòîðå

Âàõîááèääèí Ñàèäàñëîí óãëè Íóðìàõìàòîâ, àñïèðàíò

SPIN 6135-1178 AuthorID: 1231586

S
opus Author ID 57369669000

Web of S
ien
e Resear
herID: JYP-3805-2024

Author Information

Vakhobbiddin S. Nurmakhmatov, postgraduate student

ISSN 1560-750X (Print) ISSN 3033-8271 (Online)

Ìàòåìàòè÷åñêèå òðóäû, 2026, Òîì 29, � 2, C. 74-92

Mat. Trudy, 2026, V. 29, N. 2, P. 74-92



92 Îöåíêè ðåøåíèÿ çàäà÷è Êîøè

SPIN 6135-1178 AuthorID: 1231586

S
opus Author ID 57369669000

Web of S
ien
e Resear
herID: JYP-3805-2024

Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 09.01.2026;

îäîáðåíà ïîñëå ðåöåíçèðîâàíèÿ 17.04.2026; ïðèíÿòà ê ïóáëèêàöèè

06.05.2026

The arti
le was submitted 09.01.2026;

approved after reviewing 17.04.2026; a

epted for publi
ation 06.05.2026

ISSN 1560-750X (Print) ISSN 3033-8271 (Online)

Ìàòåìàòè÷åñêèå òðóäû, 2026, Òîì 29, � 2, C. 74-92

Mat. Trudy, 2026, V. 29, N. 2, P. 74-92


